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STABILITY ESTIMATES FOR DISCRETE HARMONIC
FUNCTIONS ON PRODUCT DOMAINS
Maru Guadie
We study the Dirichlet problem for discrete harmonic functions in unbounded
product domains on multidimensional lattices. First we prove some versions
of the Phragme´n-Lindelo¨f theorem and use Fourier series to obtain a discrete
analog of the three-line theorem for the gradients of harmonic functions in
a strip. Then we derive estimates for the discrete harmonic measure and
use elementary spectral inequalities to obtain stability estimates for Dirichlet
problem in cylinder domains.
1. INTRODUCTION
We consider functions defined on subsets of the multidimensional lattice
(δZ)m in Rm. The usual 2m + 1-point discretization of the Laplace operator is
denoted by ∆m or ∆δ,m to emphasize the mesh of the lattice, the accurate defini-
tion is given below. Then we study the following Dirichlet problem
∆mu = 0,
u = f on ∂D,
u ∈ Hb(D),
where Hb(D) is some class of functions of bounded growth in D, and D is an
unbounded connected (on the lattice) subset of (δZ)m. Our main question is for
whichHb(D) the problem above has a unique solution. Moreover, when the solution
is unique we estimate how the error in the boundary data affects the error of the
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solution. Such estimates are called conditional stability estimates, we suppose a
priori that solution belongs toHb(D). Since our problem is linear, stability estimate
reduces to a bound of some norm of the solution u ∈ Hb(D) by some norm of its
boundary values f .
First, we prove that if D = Ω × Rk, where Ω is a bounded domain in Rn,
u(x, y) is a discrete harmonic function in D ∩ (δZ)n+k that satisfies
|u(x, y)| ≤ C exp (c‖y‖1)
for some c = c(Ω, k), and u = 0 on ∂D then u = 0 (here and in what follows
‖y‖1 = |y1|+...+|yk|, and ‖y‖∞ = max {|y1| , . . . , |yk|} where y = (y1, ..., yk) ∈ Rk).
We refer to this statement as a discrete version of the Phragme´n-Lindelo¨f theorem,
it implies the uniqueness in the Dirichlet problem in the class of functions of limited
growth.
We consider more carefully the case Ω = [0, 1] and solve the Dirichlet problem
using Fourier analysis when the boundary data is in l2. We obtain
‖u(x, .)‖l2 ≤ ‖f‖l2.
We also use this technique to show that gradients of discrete harmonic func-
tions satisfy the following three-line inequality that resembles three-line theorem of
Hadamard,
(1) ‖∇u(δk, ·)‖l2(Zk) ≤ (‖∇u(0, ·)‖)1−
k
M (‖∇u(δM, ·)‖) kM ,
where (M + 1)δ = 1. Both the Phragme´n-Lindelo¨f theorem and Hadamard’s three
line theorem are classical results in complex analysis (for example see [18]). We
discuss discrete version of their multidimensional generalizations, corresponding
continuous results are known and we provide the references throughout the text.
Finally, to obtain conditional stability estimates for Dirichlet problem with
partial boundary data (see Theorem 5), we study the discrete harmonic measure
in the truncated cylinder Ω × [−N,N ]. We also use elementary properties of the
spectrum of the discrete Dirichlet problem for the Laplacian on Ω and some com-
parison results that can be found in T. Biyikoglu, J. Leydold, P. F. Stadler [2] and
D. Cvetkovic´, P. Rowlinson, S. Simic´ [8].
The article is organized as follows. In the next section we give necessary
definitions and results for discrete harmonic functions, including basic properties of
the eigenvalues and eigenfunctions of the discrete Laplace operator with Dirichlet
boundary condition. We also prove a simple version of the Phragme´n-Lindelo¨f
theorem for product domains. In Section 3 we use Fourier analysis to study discrete
harmonic functions in a strip, in particular we obtain the logarithmic convexity
inequality (1). Our main stability result for the Dirichlet problem in an infinite
cylinder is proved in the last section, it follows from estimates of discrete harmonic
measure and a more accurate version of the Phragme´n-Lindelo¨f theorem.
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2. PRELIMINARIES
2.1 Discrete harmonic functions
The theory of discrete harmonic functions on the lattices dates back to at
least as early as 1920s, when fundamental works of H. B. Phillips and N. Wiener
[17] , and R. Courant, K. Friedrichs, and H. Lewy [6] were published. In the
middle of the last century an important contribution to the theory of discrete
harmonic functions was done by H. A. Heilbronn [10] and R. J. Duffin [9]. One of
the original motivations for the study of discrete harmonic functions is that such
functions converge to continuous ones. For example to obtain a solution of the
Dirichlet problem one may solve discrete problems in lattice domains and pass to
the limit as the mesh size of the lattice goes to zero, we refer the reader to the
classical works mentioned above and to the article of I. G. Petrowsky [16].
Suppose that u(x) is a function defined on a subset of the lattice (δZ)m. Then
the δ-discrete Laplacian of u is defined by
∆δu(x) = ∆δ,mu(x) = δ
−2

 m∑
j=1
(u(x+ δej) + u(x− δej))− 2mu(x)

 ,
where e1, e2, ..., em is the standard coordinate basis for Z
m and −∆δ coincides with
the combinatorial Laplacian of the lattice where the conductance associated to each
edge equals δ−2. This is the discrete version of the Laplace-Beltrami operator in
Riemannian manifolds. We refer the reader to T. Biyikoglu, J. Leydold, P. F.
Stadler [2] for the details. Potential theory on finite networks is an active area of
investigation, see for example[1] and references therein.
Definition. A function u is called δ-discrete harmonic at a point x of the lattice
(δZ)m if it is define at x together with all its neighbors and satisfies the equation
∆δu(x) = 0.
So the value of a discrete harmonic function at a lattice point is the average of its
values at the 2m neighboring points.
Discrete harmonic functions share many properties of continuous ones. For
example results on the maximum principle, solution to the Dirichlet problem,
Green’s function, and Liouville’s theorem can be found is the very first articles
on the subject, see also Y. Colin de Verdie´re [5] and C. Kiselman [12] for more
recent surveys and more general discrete structures. On the other hand not all
results about continuous harmonic functions are easily generalized to the discrete
case. For example zero sets of discrete harmonic functions are difficult to compare
to those of continuous ones. For any finite square there exists a discrete harmonic
polynomial that vanishes at each lattice point of this square. We study growth
properties of discrete harmonic functions in cylinders and strips and provide accu-
rate estimates that show to which extend continuous theorems can be generalized
to solutions of the discrete equation that arises in the simplest numerical scheme.
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We consider discrete harmonic functions on subsets of (δZ)m, Dδ ⊂ (δZ)m is
called a (discrete) domain if it is connected, i.e., for any two points x and y in Dδ
there exists a sequence {x0, x1, . . . , xs} such that x0 = x, xs = y, xj ∈ Dδ, xj and
xj+1 are neighboring points of the lattice (δZ)
m.
A point x ∈ (δZ)m \Dδ is called a boundary point of Dδ if at least one of the
2m neighbors of x is in Dδ. We denote the set of boundary points of Dδ by ∂Dδ,
we also use the notation D
δ
= Dδ ∪ ∂Dδ. A domain is called finite if it contains
only finite number of points, otherwise it is called infinite.
Definition. A function u defined on Dδ ∪ ∂Dδ is called δ-discrete subharmonic
(superharmonic) in Dδ if ∆δu ≥ 0 (≤ 0) in Dδ.
Clearly, a function is δ-discrete harmonic in Dδ if it is both δ-discrete subhar-
monic and superharmonic. The following maximum principle holds (see for example
[12]).
Theorem. If u is δ-discrete subharmonic in a finite domain D then
max
D
u = max
∂D
u.
Simple examples show that the maximum principle does not hold for infinite
domains.
2.2 Eigenvalues and eigenfunctions for the discrete Laplacian
In order to prove a version of the Phragme´n-Lindelo¨f theorem for discrete sub-
harmonic functions in cylindrical domains, we need some basic facts about eigen-
functions and eigenvalues of the discrete Dirichlet problem for the Laplacian on the
base of the cylinder. For more general theory of graph spectra we refer the reader
to D. Cvetkovic´, P. Rowlinson, S. Simic´ [8] and F. R. K. Chung [4, ch 1].
Throughout the paper Ω denotes a bounded domain in Rn n ≥ 1, with
Lipschitz boundary and Ωδ = Ω ∩ (δZ)n. We always assume that δ < δ0 is small
enough such that Ωδ is a discrete connected set. We study δ-discrete harmonic
functions that are defined on the product domainDδ(Ω) = Ω
δ×(δZ)k and vanish on
the boundary. We consider the eigenvalues {λj(Ω)} of the continuous n-dimensional
Dirichlet problem for the Laplacian on Ω and the eigenvalues of the corresponding
discrete operators. We denote the eigenvalue for the discrete Dirichlet problem on
Ω
δ
by λδj
(
Ωδ
)
and we use the notation λδj when it does not lead to confusion. It is
known (see for example [2] or [8]) that the eigenvalues of the following problem{ −∆δ,nf = λf in Ωδ
f = 0 on ∂Ωδ
are positive, 0 < λδ1 < λ
δ
2 ≤ . . . ≤ λδKδ , the first eigenvalue is simple and the
corresponding eigenfunction f δ1 can be chosen strictly positive in Ω
δ. The last
statement is an analog of the classical result on the first eigenfunction of Dirichlet
problem for the Laplacian, see R. Courant, D. Hilbert [7, §6, ch VI]. For the discrete
operator it follows from the Perron-Frobeniuos theorem on positive matrices, see
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for example [2, Corollary 2.23] . Clearly Kδ is finite in the discrete case and equals
the number of points of Ωδ.
It is also known that λδk(Ω
δ)→ λk(Ω) as δ → 0. We don’t discuss the limits
arguments in this article, but we indicate which of our estimates survive the limit
passage as δ → 0.
The eigenvalues λδk(Ω
δ) are given by the following minimax principle, see [2,
Corollary 2.6],
λδk(Ω
δ) = min
w∈Wk
max
06=g∈w
〈
g, LδΩg
〉
〈g, g〉 ,
where Wk denotes the set of subspaces of dimension at least k and L
δ
Ωδ is the δ-
discrete Laplacian of Ω with Dirichlet boundary condition. This readily implies
that if Ω′ ⊃ Ω then
(2) λδk(Ω
′) ≤ λδk(Ω).
We denote by N δΩ the counting function, N
δ
Ω(λ) equals the number of eigenvalues
λδk(Ω) that are less than or equal to λ. Then (2) implies
(3) N δΩ′(λ) ≥ N δΩ(λ).
2.3 Eigenvalues for the cube
We need some estimates of the growth of the eigenvalues λδj(Ω) to prove a
precise version of the Phragme´n-Lindelo¨f theorem in the last section of this article.
We obtain them by comparing the eigenvalues to those of a large cube Q containing
Ω. The latter can be found explicitly. Let QR = (0, R)
n, where R ∈ N and let
M = 1/δ ∈ N. We consider the following problem{ −∆δ,nf = λf in QδR
f = 0 on ∂QδR
This is an eigenvalue problem for a matrix of the size (Rδ−1 − 1)n × (Rδ−1 − 1)n.
Let J = {1, 2, ..., Rδ−1 − 1}, for any k ∈ Jn, k = (k1, ..., kn) the function
fk(x1, ..., xn) =
n∏
j=1
sin
kjpi
R
xj
is an eigenfunction and the corresponding eigenvalue is
λδ
k
= 2δ−2

n− n∑
j=1
cos
kjpiδ
R

 .
Using the elementary inequality 1− cosx ≥ 2pi−2x2, when x ∈ (0, pi) we obtain
λδ
k
≥ 4R−2
n∑
j=1
k2j .
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For the details of eigenvalues and eigenfunctions for the cube we refer the reader
to F. R. K. Chung [4, ch 1].
The following inequality for the counting function for the cube follows
(4) N δQR(λ) ≤ Cn(R)(λn/2 + 1),
where the constant does not depend on δ. This inequality is an illustration of the
Weyl’s asymptotic for the counting function for eigenvalues of Dirichlet problem
for the Laplacian.
2.4 Phragme´n-Lindelo¨f theorems in cylindrical domains
Let Ω be a bounded subdomain of Rn and Dδ = Ωδ × (δZ)k. Clearly,
∆δ,n+ku(x, y) = ∆δ,nu(x, y) + ∆δ,ku(x, y),
where the first Laplacian is taking with respect to x-variables and the second with
respect to y-variables. Let f δ1 be the first eigenfunction of the Dirichlet problem
for the Laplacian in Ωδ defined above. As we noted, f δ1 is strictly positive on Ω
δ,
and we have the following positive harmonic function in Dδ
uδ(x, y) = f δ1 (x) cosh bδy1 cosh bδy2... cosh bδyk,
where bδ is the only positive solution of
(5) cosh δbδ = 1 +
1
2k
δ2λδ1.
In the discrete setting the function f δ1 is strictly positive; this makes the proof of
our first theorem of Phragme´n-Lindelo¨f type more simple than the proof of a similar
result for continuous functions, see for example I. Miyamoto [15], F. T. Brawn [3]
and D. V. Widder [19].
Theorem 1. Let v be a δ-discrete subharmonic function in Dδ such that v ≤ 0 on
∂Ωδ × (δZ)k. Let λδ1 be the first eigenvalue of the δ-discrete Dirichlet problem for
the Laplacian in Ω and bδ be the positive solution to the equation (5). Suppose that
v(x, y) ≤ o(1) exp(bδ‖y‖1), when ‖y‖1 →∞.
Then v ≤ 0 on Dδ.
Proof. We want to compare v(x, y) to a multiple of uδ(x, y) on Ω
δ × [−N,N ]k . On
the part of the boundary ∂Ωδ × (δZ)k we have v ≤ 0 and uδ = 0 because f δ1 = 0
on ∂Ωδ. On the other part of the boundary, ‖y‖1 ≥ N and
v(x, y) ≤ CN exp(bδ‖y‖1) ≤ 2
kCN
minΩδ f
δ
1
uδ(x, y),
where CN → 0 as N →∞.
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The maximum principle for subharmonic functions implies that
v(x, y) ≤ 2
kCN
minΩδ f
δ
1
uδ(x, y), where x ∈ Ωδ, y ∈ (δZ)k, ‖y‖∞ ≤ N.
Now if we fix (x, y) and let N grow to infinity, we obtain v(x, y) ≤ 0.
The theorem holds for subharmonic functions with all estimates from above
only. If we have a discrete harmonic function h and apply the above statement to
h and −h we obtain the uniqueness for the Dirichlet problem in Dδ in the class of
functions
Hb(D
δ) = {u : Dδ → R : |u(x, y)| = o(exp(bδ‖y‖1)), ‖y‖1 →∞}.
Corollary. Let u and v be δ-discrete harmonic functions on Dδ, u, v ∈ Hb(Dδ). If
u = v on ∂(Ωδ)× (δZ)k then u = v on Dδ.
Proof. Let g = u − v. Then g is δ-discrete harmonic in Dδ and g = 0 on ∂(Ωδ) ×
(δZ)k. Moreover |g(x, y)| ≤ |u(x, y)|+ |v(x, y)| and therefore
|g(x, y)| ≤ CN exp(bδ‖y‖1), when ‖y‖1 ≥ N,
where CN → 0 as N →∞. Then g ≤ 0 on Dδ by Theorem 1. In the same way we
obtain −g ≤ 0 and thus u = v.
We note that bδ →
√
λ1(Ω)/k when δ → 0, however Theorem 1 does not
survive a limit argument as δ → 0. In the last section we provide an estimate for
δ-discrete harmonic functions in truncated cylinders that allows us to prove a more
accurate version of the Phragme´n-Lindelo¨f theorem.
3. DISCRETE HARMONIC FUNCTIONS ON STRIPS
In this section we study quantitative uniqueness for discrete harmonic func-
tions and their gradients on strips S = (0, 1)× Rn. We remark that eigenvalues of
the discrete Dirichlet problem for the Laplacian on [0, 1]δ are
λδl = 2δ
−2(1 − cos 2pilδ).
In particular the Phragme´n-Lindelo¨f theorem proved in the last section implies the
uniqueness in the Dirichlet problem for discrete harmonic functions that satisfy
(6) |u(x, y)| = o (exp(bδ‖y‖1)) , ‖y‖1 →∞,
where
cosh δbδ =
n+ 1
n
− 1
n
cos 2piδ.
3.1 Tempered harmonic functions in a strip
Now we consider tempered harmonic functions in the strip and use the Fourier
representation to solve the Dirichlet problem.
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Definition. Let u be a δ−discrete function on Sδ, u is said to be tempered if
1/δ∑
k=0
∑
j∈Zn
|u(δk, δj)|2 <∞.
Theorem 2. Let u be a δ-discrete harmonic function in Sδ such that (6) holds.
Suppose that ∑
j∈Zn
|u (0, δj)|2 <∞ and
∑
j∈Zn
|u (1, δj)|2 <∞.
Then {u (δk, δj)}j∈Zn ∈ l2 (Zn) for each k = 1, 2, . . . , L − 1, i.e, u is tempered,
moreover ∑
j∈Zn
|u(δk, δj)|2 ≤
∑
j∈Zn
|u(0, δj)|2 +
∑
j∈Zn
|u(1, δj)|2.
Proof. Let
ϕ0 (t) =
∑
j∈Zn
u (0, δj) e2piij·t, and ϕL (t) =
∑
j∈Zn
u (1, δj) e2piij·t
for t ∈ [0, 1]n. Then ϕ0, ϕL ∈ L2 ([0, 1]n).
For each t ∈ [0, 1]n we define q(t) such that q(t) ≥ 1 and
q(t) + q(t)−1 = 2(n+ 1)− 2
n∑
l=1
cos 2pitl.
More precisely q(t) = λ(t)+
√
λ2(t)− 1 and then q(t)−1 = λ(t)−
√
λ2(t)− 1, where
λ(t) = n+ 1−
n∑
l=1
cos 2pitl.
Now for k = 1, ..., L− 1 we consider
ϕk (t) =
q(t)k − q(t)−k
q(t)L − q(t)−LϕL (t) +
q(t)L−k − q(t)−L+k
q(t)L − q(t)−L ϕ0 (t) .
Since q ≥ 1, we have
q(t)k − q(t)−k ≤ q(t)L − q(t)−L, and q(t)L−k − q(t)−L+k ≤ q(t)L − q(t)−L.
Then ϕk ∈ L2 ([0, 1]n) and ‖ϕk‖2 ≤ ‖ϕ0‖2 + ‖ϕL‖2. Thus
ϕk (t) =
∑
j∈Zn
v (k, j) e2piij·t,
where {v (k, j)}j∈Zn ∈ l2 (Zn) . Remark that
q (t) =
1 + q2 (t)
2λ (t)
and therefore qk (t) =
qk−1 (t) + qk+1 (t)
2λ (t)
.
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Then
ϕk (t) =
ϕk−1 (t) + ϕk+1 (t)
2λ (t)
and
ϕk =
1
2(n+ 1)
[
ϕk+1 + ϕk−1 + ϕk
(
n∑
l=1
e2piitl + e−2piitl
)]
.
Hence the Fourier coefficients v (k, j) satisfy
v (k, j) =
1
2(n+ 1)
[
v (k + 1, j) + v (k − 1, j) +
n∑
l=1
(v (k, j − el) + v (k, j + el))
]
.
It means that v is a discrete harmonic function on [1, L − 1] × Zn. We have that
v (0, j) = u (0, δj) and v (L, j) = u (1, δj) . Note also that
|v (k, J)|2 ≤
∑
j∈Zn
|v (k, j)|2 = ‖ϕk‖2L2([0,1]n) ≤
(
‖ϕ0‖L2([0,1]n) + ‖ϕL‖L2([0,1]n)
)2
.
Thus v (k, J) is bounded, in particular |v (k, j)| = o (exp(bδ‖y‖1)) when ‖y‖1 →∞.
By Corollary in 2.4, we have v (k, j) = u (δk, δj) and {u (δk, δj)}j∈Zn ∈ l2 (Zn)
with the required estimate.
Remark. We have also proved that if u is a δ-discrete harmonic function on Sδ
that is square-summable along the hyperplanes {δk} × (δZ)n then there exist two
functions a1, a2 ∈ L2 ([0, 1]n) such that
(7) u(δk, δj) =
∫
[0,1]n
(
a1(t)q(t)
k + a2(t)q(t)
−k
)
e−2pij·tdt,
where q(t) ≥ 1 and is defined by
q(t) + q−1(t) = 2(n+ 1)− 2
n∑
l=1
cos 2pitl.
Reviewing the computations in the proof of the lemma, we see that
a1(t) =
ϕL(t)− q(t)−Lϕ0(t)
q(t)L − q(t)−L , a2(t) =
q(t)Lϕ0(t)− ϕL(t)
q(t)L − q(t)−L .
Thus the theorem provides a constructive procedure for solution of the Dirich-
let problem for tempered harmonic function in a strip as well as a stability estimate
for this procedure.
3.2 Three line theorem for discrete harmonic functions
In this subsection we prove a three line theorem for the gradients of discrete
harmonic functions, the corresponding continuous result and its connections to the
interpolation theory can be found in S. Janson and J. Peetre [11].
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Definition. Let u(x, y) be a δ-discrete function on a subdomain of the lattice
(δZ)n+1, its discrete partial derivatives are defined by
ux(x, y) = δ
−1 (u (x+ δ, y)− u (x, y)) and
uyl(x, y) = δ
−1 (u (x, y + δel)− u (x, y)) .
For the case of the strip S = [0, 1] × Rn all discrete partial derivatives in
y-variables are defined on the same domain, while ux is defined on [0, 1− δ]× Rn.
Definition. The discrete gradient of a discrete function u(x, y) on a subdomain of
the lattice (δZ)n+1 is defined as
∇u(x, y) = (ux(x, y), uy1(x, y), uy2(x, y), . . . , uyn(x, y))
Theorem 3. Let u be a δ-discrete harmonic function in [0, 1]× Rn, δ−1 =M + 1
for some positive integer M . Suppose that u satisfies (6) and
{u (0, δj)}j∈Zn ∈ l2 (Zn) , {u (1, δj)}j∈Zn ∈ l2 (Zn) .
Let further
m (k) = δ2 ‖ux (δk, δj)‖2l2(Zn) + δ2
n∑
l=1
‖uyl (δk, δj)‖2l2(Zn) for k = 0, 1, . . . , M.
Then
m (k) ≤ (m (0))1− kM (m (M)) kM .
Proof. Using (7) and the definition of the discrete partial derivatives, we get
ux(δk, δj) = δ
−1
∫
[0,1]n
(
a1(t)q(t)
k(q(t) − 1) + a2(t)q(t)−k(q(t)−1 − 1)
)
e−2pij·tdt,
and
‖ux(δk, δj)‖2l2(Zn) = δ−2‖a1(t)q(t)k(q(t)− 1) + a2(t)q(t)−k(q(t)−1 − 1)‖2L2([0,1]n).
Further,
uyl(δk, δj) = δ
−1
∫
[0,1]n
(
a1(t)q(t)
k + a2(t)q(t)
−k
)
e−2pij·t(e−2piitl − 1)dt,
‖uyl(δk, δj)‖2l2(Zn) = δ−2‖(a1(t)q(t)k + a2(t)q(t)−k)(e−2piitl − 1)‖2L2([0,1]n).
Then, adding up the identities above, we get
(8) m(k) = δ2 ‖ux (δk, δj)‖2l2(Zn) + δ2
n∑
l=1
‖uyl (δk, δj)‖2l2(Zn) =
∥∥a1 (t) q(t)k (q(t)− 1) + a2 (t) q(t)−k (q(t)−1 − 1)∥∥2L2([0,1]n)+
n∑
l=1
∥∥a1 (t) q(t)k (e−2piitl − 1)+ a2 (t) q(t)−k (e−2piitl − 1)∥∥2L2([0,1]n) .
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We note that q(t) is real and by the definition q(t)+q(t)−1 = 2(n+1)−2∑nl=1 cos 2pitl,
therefore
(9) (q(t)− 1)(q(t)−1 − 1) = 2
n∑
l=1
cos 2pitl − 2n = −
n∑
l=1
(e−2piitl − 1)(e2piitl − 1).
Finally,
(10)
δ2m(k) =
∥∥a1 (t) q(t)k (q(t)− 1)∥∥2L2([0,1]n) + ∥∥a2 (t) q(t)−k (q(t)−1 − 1)∥∥2L2([0,1]n)
+
n∑
l=1
∥∥a1 (t) q(t)k (e−2piitl − 1)∥∥2L2([0,1]n) + ∥∥a2 (t) q(t)−k (e−2piitl − 1)∥∥2L2([0,1]n) .
Each term in the right hand side of the last formula can be written in the form
s(k) = ‖b(t)q(t)±k‖22 for some b ∈ L2([0, 1]n) and q(t)±k ∈ L∞([0, 1]n). By Ho¨lder’s
inequality, we have
s(k) =
∥∥b (t) qk (t)∥∥2
L2([0,1]n)
≤
(∫
[0,1]n
|b (t)|2 dt
)1− k
M
(∫
[0,1]n
|b (t)|2 q2(t)dt
) k
M
≤ (s(0))1− kM (s(M)) kM .
Applying the same computation for each term and using the lemma below we
conclude the proof of the theorem.
Lemma 1. If each function ml : [0, 1, . . . ,M ]→ R+ satisfies the inequality
m (k) ≤ [m (0)]1− kM [m (M)] kM
then the sum m(k) =
∑
lml(k) satisfies the same inequality.
Proof. It suffices to prove the statement when m(k) = m1(k) +m2(k) is the sum
of two functions. Let α = k/M then we have
m(k) = m1(k) +m2(k) ≤ m1(0)1−αm1(M)α +m2(0)1−αm2(M)α =
m(0)1−αm(M)α
[(
m1(0)
m(0)
)1−α(
m1(M)
m(M)
)α
+
(
m2(0)
m(0)
)1−α(
m2(M)
m(M)
)α]
.
And the lemma follows from the elementary inequality
x1−αyα + (1 − x)1−α(1− y)α ≤ 1
when x, y ∈ [0, 1] and α ∈ [0, 1].
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Remark. The proof of Theorem 3 above is similar to that of the continuous three-
line theorem, see [11]. In the continuous case the passage from (8) to (10) is trivial,
in discrete case we fortunately have the identity (9).
For continuous harmonic functions similar three balls or three spheres the-
orems can be obtain, see for example J. Korevaar and J. L. H. Meyers [13] and
E. Malinnikova [14]. There are no trivial generalizations of those results as a har-
monic function can vanish on any finite square without being identically zero.
4. HARMONIC MEASURE AND STABILITY ESTIMATES
In this section we study δ-discrete harmonic functions that are defined on the
cylinder Dδ(Ω) = Ωδ × (δZ). Discrete harmonic measure on truncated cylinder is
estimated first, then we apply these estimates to give a more precise version of the
Phragme´n-Lindelo¨f theorem and prove some stability results.
4.1 Discrete harmonic measure
Let now H0(Dδ) denote the space of δ-discrete harmonic functions on Dδ(Ω)
that vanish on the boundary. Such function is uniquely determined by its values
on two layers Ωδ×{a} and Ωδ×{b} (where it may attain arbitrary values) and the
dimension of H0(Dδ) equals 2Kδ, where Kδ is the number of points in Ωδ.
We note that for a function u(x) = u(x′, xn+1) on D
δ(Ω) we have
∆δ,n+1u(x
′, xn+1) =
∆δ,nu(x
′, xn+1) + δ
−2(u(x′, xn+1 + δ) + u(x
′, xn+1 − δ)− 2u(x′, xn+1)).
Let {f δk}K
δ
k=1 be a sequence of eigenfunctions of the Dirichlet problem for the Lapla-
cian in Ωδ, discussed in 2.2. Then it is easy to check that the following functions
form a basis for H0(Dδ)
uδk(x) = f
δ
k (x
′) cosh(aδkxn+1), v
δ
k(x) = f
δ
k (x
′) sinh(aδkxn+1), k = 1, 2, ...,K
δ,
where aδk is the only positive solution of
cosh δaδk = 1 +
1
2
δ2λδk.
Now we calculate the discrete harmonic measure of the bases of a truncated cylinder.
Let gδN be the δ-discrete harmonic function on D
δ
N (Ω) = Ω
δ × ([−N,N ] ∩ (δZ))
defined by its boundary values{
gδN (x
′,±N) = 1 x′ ∈ Ωδ
gδN (x
′, xn+1) = 0 x
′ ∈ ∂Ωδ,−N ≤ xn+1 ≤ N.
Lemma 2. The harmonic measure gδN (x) = g
δ
N(x
′, xn+1) is given by
gδN (x
′, xn+1) =
Kδ∑
k=1
dδkf
δ
k (x
′)
cosh(aδkxn+1)
coshaδkN
,
Stability estimates for discrete harmonic functions 13
where dδk =
∑
x′∈Ωδ f
δ
k (x
′).
Proof. Clearly gδN is an even function with respect to xn+1 and therefore it can be
written as
(11) gδN (x
′, xn+1) =
Kδ∑
k=1
Ckf
δ
k (x
′) cosh(aδkxn+1),
where the coefficients Ck satisfy the linear system of equations
1 =
Kδ∑
k=1
Ckf
δ
k (x
′) cosh(aδkN),
for each x′ ∈ Ωδ. Since functions {f δk}K
δ
k=1 form an orthonormal basis, we obtain
(12) Ck cosha
δ
kN =
∑
x′
f δk (x
′) = dδk.
Substituting (12) in (11) we get the required formula.
We conclude this subsection by one auxiliary inequality. We note that the
values of the function gδN (x
′, xn+1) on the middle hyperplane {xn+1 = 0} are given
by
gδN (x
′, 0) =
Kδ∑
k=1
dδkf
δ
k (x
′)
1
coshaδkN
.
Then a linear combination of the values of u on Ωδ × {0} admits the following
estimate
(13)
∑
x′
w(x′)gδN (x
′, 0) =
∑
x′
Kδ∑
k=1
dδkw(x
′)f δk (x
′)
1
cosh aδkN
≤
Kδ∑
k=1
|dδk|
coshaδkN
(∑
x′
|w(x′)|2
)1/2
,
we applied the Cauchy-Schwarz inequality and used that eigenfunctions f δk are
normalized by
∑
x′ |f δk (x′)|2 = 1.
4.2 Phragme´n-Lindelo¨f theorem, improved version
Now we prove a version of the Phragme´n-Lindelo¨f theorem for δ-discrete
subharmonic functions in truncated cylinder DδN(Ω). We want to show that if a
subharmonic function is positive inside the cylinder, say at some points on the
section Ωδ × {0}, then it grows at least exponentially. Moreover, we can give
estimates on the truncated cylinders and not only asymptotic result as in Theorem
1. We use the following notation u+ = max{0, u}.
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Theorem 4. Suppose u is a δ-discrete subharmonic function on DδN (Ω) such that
u(x′, xn+1) = 0 when x
′ ∈ ∂Ωδ and u satisfies the following positivity condition on
Ω× {0} ∑
x′∈Ωδ
u+(x′, 0)2 = A2Kδ > 0.
Then
(14) max
Ωδ×[−N,N ]
u(x′, xn+1) ≥ A
2
(∑
k
exp(−aδkN)
)−1
,
where aδk = δ
−1 cosh−1(1 + 12δ
2λδk). In particular, there exists a constant CΩ that
depends only on Ω such that
(15) max
Ωδ×[−N,N ]
u(x′, xn+1) ≥ CΩA exp(aδ1N),
for any N ∈ N and any δ < δ0.
The inequality (14) is more precise than (15). We write the constant explicitly
and, as soon as λδk are known, the right hand side of (14) can be estimated. Clearly,
the right hand side of (14) is of order exp(aδ1N) when N → ∞. This is expressed
accurately in inequality (15). The constant CΩ is not explicit, but it depends
neither on N nor on δ, so we can also fix N and let δ go to zero to get estimates of
continuous functions that can be approximated by discrete subharmonic ones.
Proof. Let MN = max|xn+1|=N u(x
′, xn+1). Then by the maximum principle,
u(x′, xn+1) ≤MNgδN (x′, xn+1) on Ωδ × [−N,N ] ,
where gδN is the harmonic measure from Lemma 2, clearly g
δ
N ≥ 0. Taking the
linear combination over x′ ∈ Ωδ with non-negative coefficients w(x′) = u+(x′, 0)
and using (13), we obtain
∑
x′
u+(x′, 0)2 =
∑
x′
u+(x′, 0)u+(x′, 0) ≤MN
Kδ∑
k=1
|dδk|
coshaδkN
(∑
x′
|u+(x′, 0)|2
)1/2
.
Then we have
MN ≥ (
∑
x′
u+(x′, 0)2)1/2

Kδ∑
k=1
|dδk|
coshaδkN


−1
= A(Kδ)1/2

Kδ∑
k=1
|dδk|
cosh aδkN


−1
.
Applying the Cauchy-Schwarz inequality, we get
|dδk| =
∣∣∣∣∣
∑
x′
f δk (x
′)
∣∣∣∣∣ ≤
(∑
x′
(f δk (x
′))2
) 1
2
(∑
x′
1
) 1
2
≤ (Kδ) 12 .
Stability estimates for discrete harmonic functions 15
Now, we combine the last two inequalities and obtain
MN ≥ A

Kδ∑
k=1
1
coshaδkN


−1
.
Then (14) follows from the following inequality
Kδ∑
k=1
1
coshaδkN
≤ 2
Kδ∑
k=1
exp(−aδkN).
To prove (15) we may assume that δ is small (otherwise we have an upper
bound for Kδ). We partition the eigenvalues λδk into two groups. We choose a
positive number c and define I1 = {k : λδk < cδ−2} and I2 = {k : λδk ≥ cδ−2}. Let
also c0 = cosh
−1(1 + c), then∑
k∈I2
exp(−aδkN) ≤
∑
k∈I2
exp(−δ−1c0N) ≤ Kδ exp(−δ−1c0N) ≤ C0 exp(−aδ1N),
when δ is small enough, since Kδ ≤ Cδ−n and aδ1 → (λ1(Ω))1/2 as δ → 0.
For the second part of the sum we have δ
√
λδk < c. We consider the function
α : R+ → R+ defined by
coshα(s) = 1 +
1
2
s2.
Then aδk = δ
−1α(δ
√
λδk) and a simple calculation gives
α′(s) =
2√
4 + s2
.
Denoting the minimum of the derivative of α on [0, c] by d, we obtain
aδk ≥ aδ1 + d
(
(λδk)
1/2 − (λδ1)1/2
)
.
Now we partition I1 further into Jl = {k : l ≤ (λδk)1/2 − (λδ1)1/2 < l + 1},
l = 0, 1, ... and let |Jl| denote the cardinality of Jl. We consider any cube Q such
that Ω ⊂ Q and apply inequalities (3) and (4) to obtain
|Jl| ≤ N δΩ
((
(λδ1)
1
2 + l + 1
)2)
≤ N δQ
((
(λδ1)
1
2 + l + 1
)2)
≤ CΩ(l + 1)n,
for each l = 0, 1, .... Finally, we get
∑
k∈I1
exp(−aδk) ≤
∞∑
l=0
∑
k∈Jl
exp(−aδkN) ≤
∞∑
l=0
exp(−(aδ1 + ld)N)|Jl| ≤
CΩ exp(−aδ1N)
∞∑
l=0
(l + 1)n exp(−ldN).
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The last sum is finite and can be bounded by a constant independent of N ∈ N
and δ. This concludes the proof of the theorem.
One of the differences between the continuous and discrete cases lies in the
formulas connecting eigenvalues λ and corresponding numbers a. For the continu-
ous case one has a(λ) =
√
λ while for the discrete case the formula becomes
aδ(λ) = δ−1 cosh−1(1 +
1
2
δ2λ).
This function resembles
√
λ on the interval [0, cδ−2] but grows as logλ when λ→∞.
To deal with the discrete case we have partitioned the set of eigenvalues into two
parts.
4.3 Stability estimates for solution of the Dirichlet problem
A standard argument shows that estimates of the harmonic measure imply
conditional stability estimates for harmonic function. We apply it for truncated
cylinders and prove the following
Theorem 5. Let h be a δ-discrete harmonic function on DδN (Ω) with boundary
values f on ∂Ωδ × [−N,N ] and such that |h(x′,±N)| ≤MN . Then
(16) max
x′
|h(x′, 0)| ≤ max |f |+ CΩ(MN +max |f |) exp(−aδ1N).
In particular, if h is harmonic in Dδ(Ω),
|h(x′, xn+1)| = o(exp(aδ1|xn+1|)) when |xn+1| → ∞
and h is bounded on the boundary ∂Ω×(δZ) then h is bounded by the same constant
in Dδ(Ω).
Proof. Let vN be the δ-discrete harmonic function in the truncated cylinderD
δ
N (Ω) =
(Ω× (−N,N))δ that solves the following Dirichlet problem
∆n+1,δv = 0, v(x
′,±N) = 0, x′ ∈ Ωδ, and v(x′, xn+1) = f(x′, xn+1), x′ ∈ ∂Ωδ.
By the maximum principle for the bounded domain DδN (Ω), |v(x)| ≤ max |f |. Then
u = h − v is δ-discrete harmonic function on DδN (Ω) that vanishes on the part
∂Ωδ × [−N,N ] of the boundary and satisfies
max
Ωδ×[−N,N ]
|u(x′, xn+1)| ≤ max |f |+MN .
We compare it to a multiple of the harmonic measure gδN and use the estimate
|gδN(x′, 0)| ≤ CΩ exp(−aδ1N)
that follows from the proof of Theorem 4. Then we obtain
|u(x′, 0)| ≤ CΩ(MN +max |f |) exp(−aδ1N).
This implies (16). The second statement of the theorem follows from (16).
Stability estimates for discrete harmonic functions 17
Acknowledgments The work was supported by the Research Council of
Norway grant 185359/V30.
The author is grateful to both referees for their valuable remarks and sug-
gestions and would like to thank his PhD supervisor Eugenia Malinnikova for her
constructive comments and encouragement during the preparation of the paper.
REFERENCES
1. E. Bendito, A. Carmona, and A. M. Encinas, Potential theory for Schro¨dinger operator
on finite networks, Rev. Mat. Iberoamericana 21 (2005), 771–818.
2. T. Biyikoglu, J. Leydold, P. F. Stadler “Laplacian eigenvectors of graphs, Perron-
Frobenious and Faber-Krahn type theorems”, Lecture Notes in Mathematics, 1915,
Springer, Berlin, 2007.
3. F. T. Brawn, Mean value and Phragme´n-Lindelo¨f theorems for subharmonic functions
in strips, J. London Math. Soc. 3 (1971), 689–698.
4. F. R. K. Chung, “Spectral graph theory”, CBMS Regional Conference Series in Math-
ematics, 92, Washington, DC, 1997.
5. Y. Colin de Verdie´re, Multiplicite´s des valeurs propes. Laplaciens discrets et laplaciens
continus. Rend. Math. Appl. 13 (1993), 433–460.
6. R. Courant, K. Friedrichs, H. Lewy, U¨ber die partiellen Differenzengleichungen der
mathematischen Physik, Math. Ann. 100 (1928), 32–74.
7. R. Courant, D. Hilbert, “Methods of mathematical physics”, Vol.1, Interscience pub-
lisher, New York, 1953.
8. D. Cvetkovic´, P. Rowlinson, S. Simic´, “An introduction to the theory of graph spectra”,
London Mathematical Society, Student texts 75, Cambridge University Press, 2010.
9. R. J. Duffin, Discrete potential theory, Duke Math. J. 20 (1953), 233–251.
10. H. A. Heilbronn, On discrete harmonic functions, Proc. Cambridge Philos. Soc. 45
(1949), 194–206.
11. S. Janson and J. Peetre, Harmonic interpolation. Interpolation Spaces and allied Top-
ics in Analysis, 92–124, Lecture Notes in Mathematics, 1070, Springer, 1984.
12. C. Kiselman, Subharmonic functions on discrete structures. Harmonic analysis, signal
processing, and complexity, 67–80, Progr. Math., 238, Birkha¨user Boston, Boston, MA,
2005.
13. J. Korevaar, J. L. H. Meyers, Logarithmic convexity for supremum norms of harmonic
functions, Bull. London Math. Soc. 26 (1994), 353–362.
14. E. Malinnikova, The theorem on three spheres for harmonic differential forms. Com-
plex analysis, operators, and related topics, 213–220, Oper. Theory Adv. Appl., 113,
Birkha¨ser, Basel, 2000.
15. I. Miyamoto, Harmonic functions in a cylinder which vanish on the boundary, Japan
J. Math. 22 (1996), 241–255.
16. I. G. Petrowsky, New proof of the existence of a solution of Dirichlet’s problem by the
method of finite differences, Uspekhi Mat. Nauk, 8 (1941), 161–170.
18 Maru Guadie
17. H. B. Phillips, N. Wiener, Nets and the Dirichlet problem, J. Math. and Phys. 2
(1923), 105-124.
18. E. M. Stein, R. Shakarchi, “Complex analysis”, Princeton lectures in analysis 2,
Princeton University Press, 2003.
19. D. V. Widder, Functions harmonic in a strip, Proc. Amer. Math. Soc. 12 (1961),
67–72.
Department of Mathematics,
Norwegian University of Science and Technology,
7491, Trondheim, Norway,
email: guadie@math.ntnu.no
